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A harmonic interpolation of a polygon (for odd and even numbers of points forming the poly-
gon) used in computer graphics is derived from the primary permutation matrix using the spectral
decomposition of the matrix. This is a technique to draw closed curves. We compare these curves
with Bézier curves. We also show situations where the harmonic interpolation of a polygon isamore
suitable alternative to Bézier curves. Trigonometric Interpolation isanother technique to draw curves.
The relationship between trigonometric interpolation and harmonic interpolation is discussed.
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1. Introduction

Bézier curves [1] form the basis of most curve
drawing operationsin computer graphics. Many curves
used in computer graphics can be expressed as Bézier
curves. Bézier curves allow us to define smooth curves
using a number of control points. We are interested
in finding a smooth curve (harmonic interpolation)
through a number of n-ordered points (a polygon)
X = (Xo,X1,...,%_1)T givenin the Hilbert space RY,
i.e, Xj € RY. In the construction the starting point
is the n x n primary permutation matrix and its spec-
tral decomposition. In this paper we describe the con-
struction of the harmonic interpolation, starting from
the primary permutation matrix and the spectral rep-
resentation of this matrix. We are not only going to
study the case with an odd number of points forming
a polygon [2], but also the case with an even number
of points. We then describe Bézier curves and com-
pare curves produced by harmonic interpolation and
Bézier curves. We then show the relationship between
trigonometric interpolation [3] and harmonic interpo-
|ation, using the discrete Fourier transform.

2. Primary Permutation Matrix and Har monic
Interpolation

The starting point in the derivation of the harmonic
interpolation is the n x n primary permutation matrix

U [2,4,5], given by

010 0
0 01 ... 0
e N e
0 0O 1
1 00 0

Itisan nx ncirculant matrix. An arbitrary n x n circu-
lant matrix C [4, 5] is given by

Co G C Cn—1
-1 C C Cn—2

C=| &2 CG-1 Co Ch-3 | . 2)
C1 Co C3 ... Co

Let us first summarize the properties of the matrix U.
The set of matrices {U,U?,...,U" = I,} isasubgroup
of the group of al nx n permutation matrices under
matrix multiplication. They form a cyclic group of or-
der n. An nx n matrix D is circulant if and only if
D=UDUT, whereU isgivenby (1). Let C beacircu-
lant matrix given by (2) and let

f(A)=co+CiA+...+cn1A" L. ©)

Then C = f(U), where U is the primary permutation
matrix. Thematrix Cisnormal, thatisC*C =CC*. The
eigenvalues of C are f(wX), wherek=0,1,...,n—1
and o := exp(2ri/n). For the determinant we have
det(C) = f(0®) f(w?)... f(0"Y).
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For our construction of the harmonic interpola
tion we need the eigenvalues and normalized eigen-
vectors of U. The eigenvalues are given by 19 =
1,21, A2, A" L with A := exp(2ri /n). The normal-
ized eigenvectors are given by

1

0;) = —(1,exp(—i2mwj/n),exp(—idxj/n),
165) ﬁ( ( /m),exp( /)(4)
exp(—i2z(n—1)j/n))",
where j =0,1,...,n— 1. Thusfor the eigenvalue 1 of

U we find the normalized eigenvector

165) = DT (5)

Theeigenstates{|6;) : j=0,1,...,n—1} andthestan-
dard basis {|ej)} (j =0,1,...,n—1) in C" are con-
nected by the discrete Fourier transform

n—1

61) = 5 3, Pl ik0) e
1 n— 1 (6)
|a<>=ﬁj§)exp(—ik9j)l91>,

where 6; := 2 j /n. Thusthe spectral representation of
U can be written as

n-1 n-1
U=> AR =3 216)(6;]. ™
j=0 j=0
The projection matrix P; = |6;)(0;j| can be expressed
usingU¥. Since PR, = 0 for j # k and P = P} wefind

n-1
uk=Y AP, k=12...,n (8)

Thus we calculated the Fourier transform of the pro-
jection matrices. For k = n we have U™ = |, and the
completenessrelation

n—1
In=> P €)
j=0

The inverse of the matrix (1 '¥) is given by 1(1 7).
Thus

1n—1 .
== Y akuk j=01,...,n—-1 (10
k=0
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For the construction of the harmonic interpolation in
computer graphics we proceed as follows. We embed
thematricesUK into areal Lie group [6]. Thuswe have
to consider the casesn = 2m+ 1 and n = 2m, wherem
is apositiveinteger.

Furthermore we define P_; := R,_j. The projection
matrices are therefore real. We consider first the case
n=2m+ 1[2]. We obtain by replacing k with t

Y AP+ AP )

Ms

U

I
i

(11)

(e27rijt/npj +e—2nijt/npj)'

M3

Po+
Po+

1

The unitary matrices U (t) are n-periodic, i.e., U (t +
n) =U(t). Wereplacet by nt, and therefore we reduce
the period to 1. ThusU (t) takes the form

m .. ..
U(t) =R+ Y (™' +e 2P,
=

teR. (12)

Thus U(t + 1) = U(t) and U(k/n) = U for k =
0,1,...,n—1. The nx n matrices U(t) form a one-
dlmensonal abelian unitary group (Lie group) with
U(0) = Ip and U(t + ) = U(t)U (7). Owing to (10)
we canwriteU (t) as

G(t)= 1nzl<1+§(ezmjt k/m) 2nij(tk/n)>>uk.
n&
(13
We define
ok(t)=o(t—k/n)
1 4 7ij(t—k/n —27ij(t—k/n
:ﬁ<1+,-§1<e2 it—k/n) | g-2mijt—k/ >)>
(14)
Using exp(io) = cos(ar) +isin(o),
o .. sin(m+1/2)a)
1+2§1COS(JOC) = W7 (15)
and withn = 2m+ 1 wefind
oty = INENE=K/M) o o1 1s)

nsin(z(t—k/n))’
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Equation (15) was used by Lejeune-Dirichlet for his
proof of Fourier'sformula[7]. Thuswe can write

n—-1
Ji)= Y owt)uk (17
k=0
We have the properties
n—1 n—1
Yoat) =1 ¥ oft)=1 (18)
k=0 k=0

Thus the functions ok (t) and 62(t) provide a partition
of unity, and the harmonic interpolation is affine in-
variant. Now let X = (Xo,Xy,...,%,_1)" be the vector
which describes the polygon. Then

X(t)=U(t)X :nilc(t—k/n)ukx. (19)
k=0

The curve which describes our closed smooth curveis
given by

n—-1
X(1) = Y o(t—k/nmXe
k=0

:Ea(t—i—l/n—(k—s—l)/n)XkH (20)
k=0

= Xo(t+1/n).

where (k+1) is caculated mod n. Hence for al | it
represents the same curve, and we can write

X(t) = nilo(t —K/MX., telo,1l. (21)
k=0

Thus this curve interpolates the points of the given
polygon smoothly. We consider now the case n = 2m.
For this case we can write

m-1
UK=Py+ (—1)*Pn+ Y (AP +27TkP)), (22)
j=1
where we have A° = 1 and A™ = —1. If we replace
the discrete variable k by the real variable t, we find
the factor (—1)! = €™, The other terms are real. Thus
the Lie group we would find is not real and therefore
cannot be used directly for the harmonic interpolation
in computer graphics. Since the function U (t) will be
continuous in the complex domain and go through the
points of the polygon, the real part will also be contin-
uous and go through the points of the polygon.
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D1 D1

p2 p2

(a) (b)
Fig. 1. Stability of harmonic interpolation under small
changes.

A similar calculation as described for the case n =
2m+ 1 given aboveyields (t € [0,1])

di) = %:Z;cos(n(nt —k))uk

i n—-1 n—1 (23)
+= Y sin(r(nt— k)UK + > &)Uk,
k=0 k=0
where
_sin(zt(n—1)) . k
E(t) = “hsn(a) &(t):=¢& (t - ﬁ) - (249

Thus our smooth curve in the even case, which goes
through all the points of the polygon, is

n—1
X(t) =Y, (% cos(z(nt —Kk)) + ék(t)) Xk (25)
k=0

The curves described above are stable in the sense that,
making a small change in the position of a point, we
only haveasmall change of the curvein the neighbour-
hood of this point (Fig. 1). Figure 1 shows how sta-
ble the curveisfor harmonicinterpolation when points
are shifted by a small amount. In Fig. 1(a) the points
are po = (0,0), p1 = (0.1,0.5), p» = (0.11,-1) and
ps = (1,0) and in Fig. 1(b) the points are po = (0, 0),
p1 = (0.01,0.5), p» = (0.011,—1) and p3 = (1,0).

As another example of harmonic interpolation, we
illustrate how a unit circle centered at the origin can
be parameterized using harmonicinterpolation. We use
four contral points: Xo = (1,0), X1 = (0,1), X2 =
(=1,0) and X3 = (0,—1). Then we obtain X(t) =
(cos(2rt), sin(2xt)).

A Java application and Java applet which draw the
harmonic interpolation curvesis available from the au-
thor.
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3. Bézier Curves

A Bézier curve B(t) [1] of degreen is defined by a
set of control pointspj for j =0,1,...,nasfollows

n
B(t) = Y piBjn(l), (26)
j=0
where Bj » are the Bernstein polynomials
n\ . . i
Bjn(t) := (J.)tl(l—t) I (27)

The sum of the Bernstein polynomiasis a partition of
unity

EE)BLn(t) =1 (28)
j=

whereBj n(t) > O for every 0 <t < 1. These properties
imply that Bézier curves are affine invariant, and that
the curve lies entirely in the convex hull of the control
points defining the curve. We find that B(0) = po and
that B(1) = pn. Thus the Bézier curve interpolates the
end points. If we calculate the derivative with respect
tot at the endpoints, we find that 92 (0) = n(p1 — po),
and 98 (1) = n(pn— pn_1). Thusthe tangents at the end
points of the curve are easily computed. Thisallows us
to construct piecewise smooth C! or G! curves out of
Bézier curves by setting np(p1 — Po) = CNg(0n — dn—1)
for acurve

Q(t) = _quij,n(t), (29)
j=
followed by acurve
Np
Pt) = Z PiBjn(t). (30)
j=0

The De Casteljau representation of Bézier curves [8]
generates points on the curve by repeated linear inter-
polation. If the control points of the curve are p for
j =0,1,...,n, which defines a Bézier curve of degree
n, then we define

pi(t) := (1—t)p§ (1) +tp] 1(H) (31)
withr =1,...,n, j =0,...,n—r, and p%(t) = pj, S0
that B(t) = pg(t). The repeated linear interpolation as
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Ps3

Fig. 2. De Casteljau’s algorithm to render a point on aBézier
curve (t =0.3).

demonstrated in Fig. 2 is an efficient techniqueto draw
Bézier curves. Dashed lines show the control poly-
gon, and dark dashed lines connect the points between
which repeated linear interpolation takes place.

4. Trigonometric I nterpolation

Trigonometric interpolation is based on the discrete
Fourier transform. Given a set of data

x5,y; = f(xj)},

where j =0,1,...,N — 1, suppose that y; can be com-
plex and that the node points are equally spaced in the
interval [0,27], i.e, Xj = 2mj/N for j =0,1,...,N.
Then we haveto find

(32)

N-1
px) = Y, e
k—0

=Co+ CleiX + CzQZiX +...+ CNfle(N_l)iX

(33)

such that

p(xj) = Fxj)-

Thisinterpolationis called trigonometric interpol ation.
Since

(34)

ei(x+2n) — eierin _ eix7 (35)

theinterpolationisperiodic, i. e., p(x+2m) = p(x). Let
wi = &%, wherew := /N, ThuswN = 1, so that w
isthe Nth root of unity. We obtain

f(xj) = p(xj)

. ) . (36)
=Co+ C;|_WJ + CzWZI + -t Cl\j_]_\l\l(N_l>J .



A. Hardy and W.-H. Steeb - Harmonic Interpolation, Bézier Curves and Trigonometric I nterpolation

——————————————————— Control polygon

MetaPost control polygon

Curve

Fig. 3. Key for the diagrams.

Thisset of equationsfor j =0,1,...,N —lisasystem
of N equations in N unkowns and can be written in
matrix form Ac=y:

11 1 ... 1 Co Yo
1 w2 wh o wAN-D) Co _ Y2 . (37)

LuN-12N-D WiN-D2 ) \ey 4 W1

Thisisthe discrete Fourier transform. The matrix A on
the left-hand side has an inverse with

1 .
(A D= —w Ik (38)
N
Thusc = A~ly. It follows that
1 N—1 K
Ck = N 2 w mYm7 (39)
m=0

where k = 0,1,...,N — 1. Neglecting sums, to com-
pute each coefficient c, we do N products. This means
that discrete Fourier transforms require N2 opera-
tions. Hence for the calculation we should use the
fast Fourier transform. Consider the data set (N = 4)
(% =0,Y0=0), (1 = §,y1 = 21), (g = 7,yo = m),
(xa = 37,y3 = ¥27). We find

(1+V3),
(1_\/§)7

Co= C1=—

)

(40)

Ala bdS
MA A

Cy = C3=—

Thus
p(X) = %(1+ V33—t (1-V3)e?X — 8.
(41)
Thereal partis
T
pr =7 (1+ V/3— cos(x) @
+(1—v/3) cos(2x) — cos(3x)),

which passes through the given points. However the
curve shows an oscillating behaviour. On the other

595

Pp3 ps

Fig. 4. Circle drawn from four control points; (a) Bézier
curves (MetaPost); (b) harmonic interpolation.

Fig. 5. Seven control points; (a) Bézier curves (MetaPost);
(b) harmonic interpolation.

Po

P1

Fig. 6. Five control points, (a) Bézier curves (MetaPost);
(b) harmonic interpolation.

hand, harmonic interpolation gives a smooth curve
without oscillating behaviour.

5. Comparison

Bézier curves interpolate only the end points of the
curve and are not necessarily closed. Harmonic inter-
polation defines curves that are closed and interpolate
all the provided points. To provide a more meaningful
comparison, wewill compare piecewise smooth Bézier
curves as produced by MetaPost with those produced
with harmonic interpolation. The key for the figuresis
displayed in Figure 3.
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Figure 4 shows a circle drawn with harmonic inter-
polation and Bézier curves.

Thefollowing figuresillustrate how the curves com-
pare when more control points are used. Figure 5
shows seven control points for harmonic interpolation
and Bézier curves going through the same points. Fig-
ure 6 compares Bézier curveswith harmonicinterpola-
tion for points that are assymetric and not equidistant.

The significant difference between the piecewise
smooth Bézier curves and the curve produced by
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